We study the structure of QCD at very large baryon density for an arbitrary number of flavors N f . We provide evidence that for any number of flavors larger than N f = 2 chiral symmetry remains broken at asymptotically large chemical potential. For N c = N f = 3, chiral symmetry breaking follows the standard pattern SU (3) L × SU (3) R → SU (3), but for N f > 3 unusual patterns emerge. We study the case N f = 3 in more detail and calculate the magnitude of the chiral order parameters ψ ψ and (ψψ) 2 in perturbative QCD. We show that, asymptotically, ψ ψ 1/3 is much smaller than (ψψ) 2 1/6 . The result can be understood in terms of an approximate discrete symmetry.
I. INTRODUCTION
The phase structure of matter at non-zero baryon density has recently attracted a great deal of interest. In particular, it has been emphasized that quark matter at very high density is expected to behave as a color superconductor [1, 2] . The behavior of hadronic matter in this regime is of interest in understanding the structure of compact astrophysical objects and the physics of heavy ion collisions in the regime of maximum baryon density. Moreover, it was realized that matter at very high density exhibits many non-perturbative phenomena, such as a mass gap and chiral symmetry breaking, in a regime where the coupling is weak [3, 4] . This means that some of the "hard" problems of QCD can be studied in a systematic fashion.
At very high density the natural degrees of freedom are quasiparticles and holes in the vicinity of the Fermi surface. Since the Fermi momentum is large, asymptotic freedom implies that the interaction between quasiparticles is weak. In QCD, because of the presence of unscreened long range gauge forces, this is not quite true. Nevertheless, we believe that this fact does not essentially modify the argument [5] . However, as we know from the theory of superconductivity the Fermi surface is unstable in the presence of even an arbitrarily weak attractive interaction. At very large density, the attraction is provided by one-gluon exchange between quarks in a color anti-symmetric3 state. QCD at high density is therefore expected to behave as a color superconductor [6] [7] [8] .
Color superconductivity is characterized by the breakdown of color gauge invariance. As usual, this statement has to be interpreted with care. Local gauge invariance cannot really be broken [9] . Nevertheless, spontaneously broken gauge invariance is a useful concept. We can fix the gauge, introduce a gauge non-invariant order parameter and study its effect on gauge invariant correlation functions. The most important gauge invariant consequence of superconductivity is the appearance of a mass gap, through the Meissner-Anderson-Higgs phenomenon. The formation of a mass gap is of course also characteristic of a confined phase.
Indeed, it is known that in general Higgs and confined phases are continuously connected [10] .
Color superconductivity may also lead to the spontaneous breaking of global symmetries.
It is this phenomenon that we wish to study in more detail. Broken global symmetries lead to the appearance of Goldstone bosons, and determine the low energy effective description of the system. It is one of the remarkable properties of the color superconducting phase in N f = 3 QCD that the pattern of broken global symmetries exactly matches that of QCD at low density. In this work, we would like to establish the global symmetry breaking pattern in QCD with N f = 2, 3, . . . , 6. In particular, we wish to show that the result in the case N f = 3 is generic in the sense that for any number of flavors larger than 2, chiral symmetry is broken but a vector-like flavor symmetry remains. We also wish to study the most interesting case, QCD with N f = 3, in more detail. We calculate the magnitude of the totally symmetric and anti-symmetric order parameters, and the magnitude of the chiral condensates ψ ψ and (ψψ) 2 . We comment on a number of unusual features of chiral symmetry breaking in QCD at large density.
II. THE EFFECTIVE POTENTIAL
In this section we wish to introduce a simple energy functional that captures the essential dynamics of QCD at high baryon density. We will use this functional in the following section in order to analyze the ground state of QCD with an arbitrary number of flavors.
Our construction is guided by the renormalization group analysis of [11, 12] . In this work
we classified possible instabilities of the Fermi surface, and assessed their relative importance, for small and short-range, but otherwise arbitrary couplings near the Fermi surface.
It was found that the dominant instability corresponds to scalar diquark condensation. The analysis does not fix the color and flavor channel of this instability uniquely, because there are two equally enhanced interactions. One gluon exchange, which dominates for weak coupling, is attractive in the color anti-symmetric3 channel, and favors one of these interactions. The same is also true for instanton induced interactions, that are likely to play an important role at moderate densities. As the couplings evolve towards the Fermi surface, the attractive interaction in the color3 channel will grow, while the repulsive interaction in the color symmetric 6 channel is suppressed. The dominant coupling is a color and flavor anti-symmetric interaction of the form
where a, b, . . . are color indices and i, j . . . are flavor indices. In the following, we shall use the notation K abcd ijkl for the color-flavor structure of the interaction.
In full QCD, there are unscreened magnetic gluon exchanges and the interaction between quarks is not short range. This problem was first studied in [5] . We expect that this effect does not modify our results for the structure of the ground state, but only the magnitude of the gap. We check this explicitly in the case of N f = 3 in section IV. In this section, we also study the effect of color-symmetric interactions. It was also pointed out that for asymptotically large chemical potential, the gap equation in higher partial wave channels becomes degenerate with the s-wave gap equation [5] . Subleading effects are expected to lift this degeneracy. Using the methods developed in [18] we have checked that the s-wave gap is bigger than higher partial wave gaps. We therefore expect the ground state to be an s-wave superconductor. The only exception is QCD with only one flavor, since in this case a color3 order parameter cannot have spin zero. This situation is of physical interest for the behavior of real QCD with two light and one intermediate mass flavor. For m s larger than some critical value, QCD has a phase with separate pairing in the ud and s sectors [13, 14] .
In this work, we will not consider the phase structure of N f = 1 QCD.
In order to determine the structure of the ground state we have to calculate the grand canonical potential of the system for different trial states. Since the interaction is attractive in s-wave states, it seems clear that the dominant order parameter is an s-wave, too. We then only have to study the color-flavor structure of the primary condensate. We assume that the condensate takes the form We calculate the effective potential using the bosonization method. The integration over the fermions is performed using the Nambu-Gorkov formalism. We introduce a two component field Ψ = (ψ,ψ T ). The inverse quark propagator takes the form
The grand canonical potential is now given by
In order to evaluate the logarithm, we have to diagonalize the mass matrix M = K · ∆. Let us denote the corresponding eigenvalues by ∆ ρ (ρ = 1, . . . , N c N f ). These are the physical gaps of the N f N c fermion species. If we neglect the quark masses m, the grand potential is
The momentum integral has an ultraviolet divergence. This integral can be regularized by introducing a cutoff Λ or, more generally, by including a form factor F (p). In this case it would seem that the properties of the grand potential depend on a number of parameters, such as the coupling constant G, the chemical potential µ and the cutoff Λ. In the weak coupling limit, however, the grand potential should only depend on the value of the gap on the Fermi surface, and not on the exact momentum dependence of the interaction. This can be made manifest by introducing a renormalized grand potential. Following the work of Weinberg [15] , we have
Here, ξ is a renormalization scale. The grand potential is independent of ξ, since the scale dependence of the first term is canceled by the scale dependence of the coupling constant G. The coupling constant satisfies the renormalization group equation discussed in [12, 11] .
The grand potential (6) 
FLAVORS
The results of our numerical study for QCD with three colors and N f = 2, . . . , 6 flavors are summarized in Table 1 . In the following, we will study each of these cases in more detail.
The two flavor case is special. In this case, the order parameter
only breaks color SU(3) → SU(2). The chiral SU(2) L × SU(2) R symmetry remains unbroken. At this level, the Fermi surfaces of the up and down quarks of the third color remain intact. A careful study of the quantum numbers of the low energy states shows that chiral symmetry is realized in terms of massless protons and neutrons [13] . The proton and neutron are composites of the quark and Higgs fields. Subleading interactions can generate a gap for these states. The exact nature of this gap is hard to determine, even in the limit of very large chemical potential.
For N f larger than 2, the gauge symmetry is always completely broken, and all quarks acquire a gap. In addition to that, we find that the preferred order parameter always involves a coupling between the color and flavor degrees of freedom. This means that the original flavor symmetry is broken, but some vector-like symmetry which is a combination of the original flavor and color symmetries remains.
In the case of three flavors we find that the preferred order parameter is of the form
This is the color-flavor locked phase suggested in [3] . Both color and flavor symmetry are completely broken. There are eight combinations of color and flavor symmetries that generate unbroken global symmetries. The symmetry breaking pattern is
This is exactly the same symmetry breaking that QCD exhibits at low density. This has led to the idea that in QCD with three flavors, the low and high density phases might be continuously connected [4] . We also note that the quark mass gaps fall into representations
) of the unbroken vector symmetry. Note that in the present analysis, which only takes into account the leading interaction, the order parameter is completely anti-symmetric in both color and flavor. In the case N f = N c , however, there is a more general order
which has both symmetric and anti-symmetric components and has the same residual symmetry. We will discuss this situation in more detail in the next section.
In the case N f = 4 the numerical results indicate that the most favorable order parameter is given by
where η a ij is the 't Hooft symbol. There is a second, degenerate, solution where we replace η
Using this result one can show that the N f = 4 order parameter (10) realizes the symmetry breaking pattern
The generators of the SU(2) × SU(2) symmetry are
Here, N bc are O(3) ⊂ SU(3) color generators and M µν are O(4) ⊂ SU(4) flavor generators.
We note that for N f = 4, and indeed for any N f larger than three, we cannot realize the same symmetry breaking that we have at low density. This means that even though chiral symmetry remains broken at very large density, there has to be a phase transition that separates the high and low density phases.
In the case N f = 5 we were unable to find a compact expression for the energetically favored order parameter. The numerical results indicate that N f = 5 QCD realizes the symmetry breaking pattern
The residual symmetry is smaller than for any other number of flavors. This is also reflected in the fact that the condensation energy is comparably small.
If N f is a multiple of N c , the dominant gap corresponds to multiple embeddings of the
This order parameter corresponds to the symmetry breaking pattern
The SU(3) symmetry is a double embedding of the SU(3) that appear in the N f = 3 colorflavor locked phase. The original U(1) V and approximate U(1) A symmetries are broken, but a new U(1) V ×U(1) A appears. This symmetry is a subgroup of the original SU(6) L ×SU(6) R flavor symmetry which rotates the two 3 × 3 blocks in equation (14) . The extra U (1) symmetries may be broken by higher order condensates.
In this section we have analyzed the color-flavor structure of the superconducting ground state using a BCS-like energy functional. Another method, which has proven to be very useful in the context of liquid 3 He and other systems [16] , is the Landau-Ginzburg functional.
This method was applied to color superconductivity in [8, 17] . In this case we construct the most general energy functional that is consistent with the symmetries of QCD and a simple polynomial in the order parameter. In four dimensions, it is usually sufficient to keep terms that are at most quartic in the fields. We can analyze the possible ground states by studying the minima of the Landau-Ginzburg functional.
There is one restriction that one has to keep in mind. At T = 0 the free energy of the system in not an analytic function of the gap so that, strictly speaking, the free energy Color and flavor invariance imply that the Landau-Ginzburg effective potential has the form has to include higher powers in the order parameter. This, of course, would also introduce additional parameters and we will not pursue this problem here.
IV. MORE ON COLOR-FLAVOR-LOCKING IN QCD WITH
In this section we wish to examine the color-flavor-locked state in QCD with three colors and flavors in somewhat more detail. For this purpose, we will concentrate on the regime of very large chemical potential, µ ≫ Λ QCD , in which perturbative calculations are possible.
The determination of the gap in perturbative QCD has recently attracted some attention [5, [18] [19] [20] [21] [22] . The main conclusion is that the gap is dominated by almost collinear magnetic gluon exchanges. The magnitude of the gap is
We should emphasize that, strictly speaking, this result contains only an estimate of the preexponent. This estimate is obtained by collecting the leading logarithms from electric and magnetic gluon exchanges [18] . There are corrections of order O(1) that originate from improved matching of the gap function at p 0 ≃ ∆ 0 and p 0 ≃ gµ, a self-consistent treatment of the Meissner effect, and, possibly, higher order perturbative corrections. Nevertheless, the main point is that (17) is the result of a well-defined calculation that can be systematically improved.
In previous works, the gap equation was always studied for a one-component color-flavor anti-symmetric order parameter. This is appropriate for QCD with two flavors, but in the case of more than two flavors the gap equation is more complicated. In the previous section we studied a more general N c N f × N c N f dimensional gap matrix but restricted ourselves to short range, color and flavor antisymmetric interactions. The restriction to antisymmetric gap matrices is probably justified for N f = N c , but for N f = N c the symmetric and antisymmetric order parameters have the same global symmetry, so there is no symmetry reason for the symmetric gap parameter to be zero.
In three flavor QCD, the order parameter has the form
We can now repeat the perturbative calculation of the gap using this particular ansatz for the order parameter. We will follow the method described in [18] . Just as in the N f = 2 case, the gap depends on frequency and the Dirac structure of the gap matrix is proportional to Cγ 5 (1 + α ·p)/2. The only new ingredient is that we have to take into account the more complicated color-flavor structure when we calculate the Nambu-Gorkov propagator. As in the last section, this is most easily accomplished by viewing (18) as a matrix in a N c N f dimensional color-flavor space. The eigenvalues of this matrix are
where the subscript indicates the degeneracy. For three degenerate flavors the normal components of the inverse Nambu-Gorkov propagator are proportional to the unit matrix in color-flavor space, so they remain diagonal as the anomalous components are diagonalized.
We can now determine the propagator by inverting the Nambu-Gorkov and Dirac structure as in the N f = 2 case. The off-diagonal propagator S 21 needed in the gap equation is a diagonal matrix in color-flavor space with entries
with ∆ i = (∆ 8 , ∆ 8 , . . . , ∆ 1 ) as in (19) . Having determined the propagator we have to calculate the color factor. It is given by
for the color-flavor anti-symmetric gap and
for the symmetric gap. The anti-symmetric color factor c A agrees with the result for the N f = 2 order parameter. We can now project the gap equation on the color-flavor antisymmetric and symmetric structures. We find
where
This is a complicated system of coupled equations, but the situation simplifies in the weak coupling limit. In this case, we can assume that ∆ S ≪ ∆ A .
The equation for ∆
If it were not for the factor 2 in the denominator of the second term in the curly brackets, this would be exactly the same equation as the one we found for the simple N f = 2 order parameter. We can take the factor 2 into account in an approximate way by rescaling the integration variable in the second term. In this way we can reduce equation (25) This means that
The equation for ∆ S can be analyzed in a similar fashion. We find
This implies that, formally, ∆ S is suppressed by one power of the coupling constant, g.
In addition to that, we note that the numerical coefficient in (27) is quite small, so that
These results are easily generalized to an arbitrary number of flavors and colors with
The eigenvalues of the gap matrix are
and the N c dependence of the anti-symmetric and symmetric color factor is given in (21, 22) .
From these results we find that the color-flavor-locked gap is given by
The origin of the various factors of N in (29) is easily explained. The factor in the exponent is the color factor that comes from the tree level scattering amplitude of two quarks in a color anti-symmetric state. The factor N −5/2 originates from the flavor dependence of the screening mass, and the factor (N − 1) raised to the power −(N − 1)/(2N) comes from the structure of the color-flavor locked state. This factor implies that for large N, the CFL gap is suppressed by a factor √ N with respect to the gap in the N f = 2 phase. As a consequence, for N > 3 the color-flavor locked state (18) is not necessarily the energetically favored state.
If, on the other hand, we take the large N c limit with N f = 3 fixed, we find multiple embeddings of the N c = N f = 3 state. If the large N c limit is taken with the conventional scaling g 2 N c = const, the superconducting gap is suppressed by exp(− √ N c ). This means that for very large N c and N f fixed, the superconducting ground state is disfavored compared to a chiral density wave [23, 24] .
In addition to the gap equation, we would also like to study the condensation energy. To order g 2 the grand potential can be calculated from [25, 8 ]
where S(q) and Σ(q) are the Nambu-Gorkov propagator and proper self energy given in [18] .
The grand potential has the form Ω = 8f (∆ 8 ) + f (∆ 1 ) where ∆ 8,1 are the singlet and octet gaps. The functional f (∆) is given by
This result is very similar to the result in the case of short range interactions [8] . The only difference is that the energy dependence of the gap function acts as an explicit cutoff in the integrals. We can calculate the integrals using the approximate solution of the Eliashberg equation derived by Son [5] . Numerically we find that the condensation energy scales to very good accuracy as
where ∆ 0 = ∆(p 0 = 0). This is very similar to the result we found for short range interactions, equation (6) . This suggests that the results obtained in section III remain valid in the more general case of long range interactions. In particular, we can calculate the energy gain of the color-flavor locked state over the N f = 2 state. The result is only very weakly dependent on the gap in a very wide range of ∆/µ. In the weak coupling limit, we find
This ratio is somewhat smaller than what one would expect based on the number of gaps, 9/4 ≃ 2.2.
V. CHIRAL SYMMETRY BREAKING
The most interesting aspect of the color-flavor locked phase is that chiral symmetry is broken, and that the form of the corresponding low energy effective action agrees with QCD at low density [4, 26] . But while the coefficients of the effective lagrangian are complicated, non-perturbative quantities in QCD at low density, they can be calculated perturbatively at high density.
In this section we would like to begin this program by calculating the chiral order parameter in the color-flavor locked phase. As a first step, we have to calculate the superfluid condensate. For a single fermion species we have
In the weak coupling limit, the integrand can be written as a total derivative using the differential equation for ∆(p 0 ) [5, 27] . The result is
In the CFL state, the color-flavor structure of the condensate is more complicated. Just like the gap matrix, the condensate can be written as
The two condensates φ A,S can be determined from the octet and singlet gap parameters.
Not surprisingly, we find that φ S is small in the weak coupling limit. In the case of φ A , all color and flavor factors drop out and
The chiral structure of the superfluid order parameter is
means that pairing takes place between quarks of the same chirality. A convolution of two superfluid order parameters (ψ R ψ R )(ψ LψL ) will then directly yield the gauge invariant order parameter (ψ L ψ R )(ψ L ψ R ) . In the weak coupling limit, factorization is valid and we find
In the same way we can calculate many other four fermion operators, like
Here, we have used (ψ L ψ R )(ψ R ψ L ) ≃ 0. This is a consequence of the chiral structure of the superfluid order parameter mentioned above.
There is an important point that we need to emphasize here. The vacuum expectation value (ψψ) 2 is not an order parameter for chiral symmetry breaking. This is most obvious 
where λ a is a flavor generator. This operator transforms as (8, 8) 
We can calculate the vacuum expectation values of O 1,2 in the mean field approximation.
Both turn out to be zero. This does not, of course, imply that chiral symmetry is unbroken.
The fact that O 1,2 vanishes is due to an accidental symmetry of the mean field approximation. The superfluid order parameter is invariant under (Z 2 ) L × (Z 2 ) R symmetries that act on the fermion and anti-fermion fields separately. Because O 1,2 do not have this symmetry, they cannot acquire an expectation value in the mean field approximation. This (
is not a symmetry of QCD. As a result, we expect that O 1,2 will develop an expectation value once higher order perturbative corrections are included. Another way to look at this phenomenon is the observation that the color-flavor locked order parameter couples left and right handed fields only indirectly, through the vector-like character of the gauge symmetry. A non-vanishing expectation value for an operator of the form (LL)(RR) only arises at higher order in perturbation theory.
Since chiral symmetry is broken, we also expect that the standard chiral order parameter ψ ψ acquires an expectation value. It was noted in [3, 29] that the color-flavor locked phase has an approximate (Z 2 ) L × (Z 2 ) R symmetry. If this symmetry were exact, then the quark condensate would be zero. In QCD instantons break (Z 2 ) L × (Z 2 ) R to (Z 2 ) V and lead to a non-vanishing quark condensate. In [29] we calculated the quark condensate at moderate densities, assuming that instantons dominate not only the quark condensate, but also the superfluid gap. At very large density, instantons are suppressed and the gap equation is dominated by perturbative effects. The results of [29] are easily generalized to this case.
In QCD with three flavors, the instanton induced interaction between quarks is given by [30] [31] [32] 
The coupling constant G is determined by a perturbative calculation of small fluctuations around the classical instanton solution. The result is
with
At zero density, the ρ integral in (43) is divergent at large ρ. This is the famous infrared problem of the semi-classical approximation in QCD. At large chemical potential, however, everything is under control and G is reliably determined. We find
Here, Λ is the QCD scale parameter, b = N f = 9 is the first coefficient of the QCD beta function and S 0 = 8π 2 /g 2 . The result shows that, asymptotically, the coupling constant G has a very strong power-law suppression ∼ µ −(5+b) = µ −14 .
Since G is so small, we can treat the effect of instantons as a perturbation. In the color-flavor locked phase the instanton vertex induces a fermion mass term. This can be seen by saturating four of the external legs of the interaction (42) with the superfluid order parameter (36). Using the results of [29] , we find
We note that there are two kinds of fermion mass terms. Both the color singlet structure (δ ab δ ij ) and the color octet structure (δ 
From these results we can also determine the quark condensate. For this purpose we have to know the momentum dependence of the fermion propagator in the vicinity of the Fermi surface. In principle, this is determined by the momentum dependence of the µ = 0 fermion zero mode of the instanton, see [29] . For simplicity, we assume that the quark mass has the same momentum dependence as the gap. In this case, we find
From the instanton calculation we can also see how to construct a chiral order parameter that is non-vanishing already on the level of the mean field approximation. Consider the 8-fermion operator
where det(ψ L ψ R ) is a short hand expression for the flavor structure of the instanton vertex 
There is nothing special about O 8 , other eight-fermion operators are equally good order parameters.
Finally, it is interesting to obtain a few numerical estimates. For definiteness, we will consider the chemical potential µ = 500 MeV. Also, we will use Λ QCD = 200 MeV. Following [19] we will be optimistic and use g = 4.2, which corresponds to the maximum of the gap as a function of g. In this case we get a substantial gap in QCD with two flavors, 
VI. CONCLUSIONS
In this work we studied the structure of QCD with an arbitrary number of flavors at high baryon density. We assumed that the dominant instability of the quark fermi liquid is towards the formation of a pair condensate. In order to study the ground state, we introduced a renormalized mean field grand canonical potential which determines the condensation energy as a function of the color-flavor structure of the gap matrix. This potential is not derived from QCD, but we expect it to correctly represent the essential dynamics of the high density phase. From the analysis of the grand potential we find that for any number of flavors greater than two, chiral symmetry is broken while a vector-like flavor symmetry remains. The most interesting case is QCD with N f = 3 flavors. In this case, the symmetry breaking pattern at high density matches the one at low density. The color-flavor locked state in N f = 3 is also distinguished by the fact that it has the biggest condensation energy per flavor, and that it leaves the largest subset of the original flavor symmetry intact.
In the second part of this work we studied the N f = 3 phase in more detail. We calculated the color symmetric and anti-symmetric order parameters in perturbative QCD. We showed that ∆ S is suppressed by one power of g in the weak coupling limit, and that the color-flavor locked state is the energetically favored state. We calculated ψ ψ and (ψψ) 2 .
We explicitly showed that the chiral condensate is suppressed because of an approximate Z 2 × Z 2 symmetry. In general, the expectation value of four-fermion operators is not suppressed, but all gauge invariant four-fermion chiral order parameters vanish in the mean field approximation. Non-vanishing gauge invariant chiral order parameters can be obtained by considering higher dimension operators, semi-classical (instanton) effects, or higher order perturbative corrections.
